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Abstract
A T-net of order m is a graph with m nodes and 2m directed edges,
where every node has indegree and outdegree equal to 2. (A well
known example of T-nets are de Bruijn graphs.) Given a T-net N of
order m, there is the so called ”doubling” process that creates a T-net
N∗ from N with 2m nodes and 4m edges. Let |X| denote the number
of Eulerian cycles in a graph X. It is known that |N∗| = 2m−1|N |. In
this paper we present a new proof of this identity. Moreover we prove
that |N | ≤ 2m−1.
Let Θ(X) denote the set of all Eulerian cycles in a graph X and S(n)
the set of all binary sequences of length n. Exploiting the new proof
we construct a bijection Θ(N)× S(m− 1)→ Θ(N∗), which allows us
to solve one of Stanley’s open questions: we find a bijection between
de Bruijn sequences of order n and S(2n−1).
1 Introduction
In 1894, A. de Rivie`re formulated a question about existence of circular
arrangements of 2n zeros and ones in such a way that every word of length n
appears exactly once, [7]. Let B0(n) denote the set of all such arrangements.
(we apply the convention that the elements of B0(n) are binary sequences
that start with n zeros). The question was solved in the same year by C.
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Figure 1: A doubling of a de Bruijn graph: N and N∗
Flye Sainte-Marie, [5], together with presenting a formula for counting these
arrangements: |B0(n)| = 22n−1−n. However the paper was then forgotten.
The topic became well known through the paper of N.G. de Bruijn, who
proved the same formula for the size of B0(n), [2]. Some time after, the
paper of C. Flye Sainte-Marie was rediscovered by Stanley, and it turned out
that both proofs were principally the same, [3].
The proof uses a relation between B0(n) and the set of Eulerian cycles in
a certain type of T-nets: A T-net N of order m is defined as a graph with m
nodes and 2m directed edges, where every node has indegree and outdegree
equal to 2 (a T-net is often referred as a balanced digraph with indegree and
outdegree of nodes equal to 2, see for example [10]). N.G. de Bruijn defined
a doubled T-net N∗ of N . A doubled T-net N∗ of N is a T-net such that:
• each node of N∗ corresponds to an edge of N
• two nodes in N∗ are connected by an edge if their corresponding edges
in N are incident and the ending node of one edge is the starting node
of the second edge.
Remark We call two edges to be incident if they share at least one common
node; the orientation of edges does not matter.
As a result N∗ has 2m nodes and 4m edges, see an example on Figure 1. (A
doubled T-net of N is known as well as a line graph of N , [4].)
Let Θ(X) be the set of all Eulerian cycles in X and let |X| = |Θ(X)|
denote the number of Eulerian cycles in X, where X is a graph. It was proved
inductively that |N∗| = 2m−1|N |. Moreover N.G. de Bruijn constructed a
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T-net (nowadays called a ”de Bruijn graph”) whose Eulerian cycles are in
bijection with the elements of B0(n).
A de Bruijn graph Hn of order n is a T-net of order 2
n, whose nodes
correspond to the binary words of length n − 1. A node s1s2 . . . sn−1 has
two outgoing edges to the nodes s2 . . . sn−10 and s2 . . . sn−11. It follows that
a node s1s2 . . . sn−1 has two incoming edges from nodes 0s1s2 . . . sn−2 and
1s1s2 . . . sn−2. Given an edge e going from the node s1s2 . . . sn−1 to the node
s2 . . . sn−1sn, then the edge e corresponds to the word s1s2 . . . sn−1sn of length
n, which implies the natural bijection between Eulerian cycles Θ(Hn) and
binary sequences B0(n), [2]. That is why we will write B0(n) ≡ Θ(Hn).
De Bruijn graphs found several interesting applications, among others in
networking, [1], and bioinformatics, [6], [8].
The important property of de Bruijn graphs is that a doubled T-net of
a de Bruijn graph of order n is a de Bruijn graph of order n + 1, see an
example on Figure 1 of the de Bruijn graph of order 3 (H3 = N) and of order
4 (H4 = N
∗). Since |B0(2)| = 1 (B0(2) = {0011}) it has been derived that
|B0(n)| = 22n−1−n, [1], [2], [3].
There is also another proof using matrix representation of graphs, [10].
Yet it was an open question of Stanley, [9], [10], if there was a bijective proof:
Let B(n) be the set of all binary de Bruijn sequences of order n,
and let S(n) be the set of all binary sequences of length n. Find
an explicit bijection B(n)×B(n)→ S(2n).
This open question was solved in 2009, [4], [10].
Remark In the open question of Stanley, B(n) denotes the de Bruijn se-
quences that do not necessarily start with n zeros like in the case of B0.
B(n) contains all 2n ”circular rotations” of all sequences from B0(n); for-
mally, given s = s1s2 . . . s2n ∈ B0(n), then sisi+1 . . . s2ns1s2 . . . si−1 ∈ B(n),
where 1 ≤ i ≤ 2n. It is easy to see that all these 2n ”circular rotations” are
distinct binary sequences. It follows that |B(n)| = 2n|B0(n)|. Hence it is
enough to find a bijection B0(n)→ S(2n−1 − n) to solve this open question.
In this paper we present a new proof of the identity |N∗| = 2m−1|N |, which
allows us to prove that |N | ≤ 2m−1 and to construct a bijection ν : Θ(N)×
S(m − 1) → Θ(N∗) and consequently to present another solution to the
Stanley’s open question: We define ρ2() = 0011 (recall that B0(2) = {0011})
and let ρn : S(2
n−1 − n)→ B0(n) be a map defined as ρn(s) = ν(ρn−1(s˙), s¨),
3
Figure 2: A node replacing by 4 nodes and 4 edges
where  is the binary sequence of length 0, n > 2, s = s˙s¨, s˙ ∈ S(2n−2−(n−1)),
and s¨ ∈ S(2n−2 − 1).
Proposition 1.1 The map ρn is a bijection.
Proof Note that s˙ ∈ S(2n−2−(n−1)) and |B0(n−1)| = 2(n−1)−1−(n−1) =
2n−2 − (n − 1); thus s˙ is a valid input for the function ρn−1 and ρn−1(s˙) ∈
B0(n − 1) ≡ Θ(Hn−1). In addition, Hn−1 has m = 2n−2 nodes and s¨ ∈
S(2n−2 − 1) has the length m − 1, hence it makes sense to define ρn(s) =
ν(ρn−1(s˙), s¨). Because ν is a bijection, see Proposition 3.1, it is easy to see
by induction on n that ρn is a bijection as well.
Remark Less formally said, the bijection ρn(s) splits the binary sequence
s into two subsequences s˙ and s¨. Then the bijection ρn−1 is applied to s˙,
the result of which is a de Bruijn sequence p from B0(n − 1) (and thus an
Eulerian cycle in Hn−1). Then the bijection ν is applied to p and s¨. The
result is a de Bruijn sequence from B0(n).
2 A double and quadruple of a T-net
Let Y be a set of graphs; we define Θ(Y ) =
⋃
X∈Y Θ(X) (the union of sets
of Eulerian cycles in graphs from Y ) and |Y | = ∑X∈Y |X| (the sum of the
numbers of Eulerian cycles). Let U(X) denote the set of nodes of a graph
X.
We present a new way of constructing a doubled T-net, which will enable
us to show a new non-inductive proof of the identity |N∗| = 2m−1|N | and to
prove |N | ≤ 2m−1.
We introduce a quadruple of N denoted by Nˆ : The quadruple Nˆ arises
from N by replacing every node a ∈ U(N) by 4 nodes and 4 edges as depicted
on the Figure 2. Let Γ(a) denote the set of these 4 nodes and Π(a) denote the
set of these 4 edges that have replaced the node a. The edges from Π(a) are
4
Figure 3: A removing black edges and fusion of nodes
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Figure 4: An example of N , Nˆ , and N∗
in blue color on the figures and we will distinguish blue and black edges as
follows: In a graph containing at least one blue edge, we define an Eulerian
cycle to be a cycle that traverses all blue edges exactly once and all black
edges exactly twice, see Figure 4.
Remark Note that a quadruple Nˆ is not a T-net, since the indegree and
outdegree are not always equal to 2. But since the black edges can be tra-
versed twice, we can consider them as parallel edges (two edges that are
incident to the same two nodes). Then it would be possible to regard Nˆ as
a T-net.
By removing black edges and ”fusing” their incident nodes into one node
in Nˆ (as depicted on Figure 3), we obtain a doubled T-net N∗ of N . And
the reverse process yields Nˆ from N∗: turn all edges from black to blue and
then replace every node by two nodes connected by one black edge, where
one node has two outgoing blue edges and one incoming black edge and the
second node two incoming edges and one outgoing black edge. Thus we have
a natural bijection between Eulerian cycles in Nˆ and N∗. See an example on
Figure 4.
Remark If all edges in a graph are in one color, then it makes no difference
if they are black or blue. An Eulerian cycle traverses in that case just once
every edge.
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Fix an order on nodes U(N). As a result we have a bijection φ : {1, 2, . . . ,m} →
U(N). Given i ∈ {1, 2, . . . ,m}, let us denote the edges from Π(φ(i)) by
t, u, v, z, in such a way that t and v are not incident edges; it follows that u
and z are not incident as well.
LetW0 = {Nˆ}, we defineWi = {w˙, w¨ | w ∈ Wi−1}, where i ∈ {1, 2, . . . ,m}
and w˙, w¨ are defined as follows: We construct the graph w˙ by removing edges
t, v from w and by changing the color of u, z from blue to black (thus allow-
ing the edges u, z to be traversed twice). Similarly we construct w¨ from w
by removing edges u, z and by changing the color of t, v from blue to black,
where t, u, v, z ∈ Π(φ(i)).
The crucial observation is:
Proposition 2.1 Let w ∈ Wi, where i ∈ {0, 1, . . . ,m − 2}. Then |w| =
2|w˙|+ 2|w¨|.
Remark The following proof is almost identical to the one in [2], where
the author constructed two graphs d1, d2 from a graph d and proved that
|d| = 2|d1|+ 2|d1|
Proof Given an Eulerian cycle g in w, then split g in four paths A,B,C,D
and edges t, u, v, z ∈ Π(φ(i)). We will count the number of Eulerian cycles
in w˙, w¨ that are composed from all 4 paths A,B,C,B and that differ only in
their connections on edges t, u, v, z. Exploiting the N.G. de Bruijn’s notation,
all possible cases are depicted on Figures 5 and 6.
• In case I, the graph w contains 4 Eulerian cycles: AtBzDuCv, AtCuBzDv,
AtCvDuBz, AzDuBtCv; whereas the graphs w˙ and w¨ have together
2 Eulerian cycles: AzDuCuBz and AtBtCvDv. Thus |w| = 4 and
|w˙|+|w¨| = 2.
• In case II, the graph w contains 4 Eulerian cycles: AtCuDvBz, At-
DuCvBz, AzBtCuDv, AzBtDuCv; whereas the graph w¨ has 2 Eulerian
cycles: AtCvBtDv, AtDvBtCv. The graph w˙ is disconnected and there-
fore w˙ has 0 Eulerian cycles. Thus |w| = 4 and |w˙|+|w¨| = 2. In case
II, it is possible the A = B or C = D. In such a case, |w| = 2 and
|w˙|+|w¨| = 1.
This ends the proof.
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We define ∆ = {w | w ∈ Wm and w is connected}. The Figure 7 shows an
example of all iterations and construction of graphs in ∆ from the graph
Nˆ , where N is a de Bruijn graph of order 3. The order of nodes from N is
00 < 10 < 01 < 11. Most of the disconnected graphs are ommited.
Remark In the previous proof in case II, it can happen that A = B or
C = D. Note in the iteration step i = m (when constructing Wm from
Wm−1) it holds that A = B and C = D, because all nodes have indegree and
outdegree equal to 1 with exception of nodes Γ(φ(m− 1)). Hence |Wm−1| =
|Wm|. It follows as well that every connected graph w ∈ Wm−1 has exactly
one Eulerian cycle. That is why in the Proposition 2.1 we consider i ∈
{0, 1, . . . ,m− 2}.
Corollary 2.1 2|Wi−1| = |Wi| and |Wm−1| = |Wm|, where i ∈ {1, 2, . . . ,m−
1}.
Proposition 2.2 2m−1|∆| = |N∗| = |Nˆ |.
Proof The only graphs in Wm that contain an Eulerian cycle are connected
graphs, it means only graphs from ∆. On the other hand every graph w ∈ ∆
contains exactly one Eulerian cycle, since every node has indegree and out-
degree equal to 1. The proposition follows then from Corollary 2.1, because
|Nˆ | = |W0| (recall that W0 = {Nˆ}).
Proposition 2.3 There is a bijection between Θ(N) and Θ(∆) and Θ(Wm−1)
and Θ(Wm).
Proof Given a connected graph w ∈ Wm−1, then just one graph of w˙ and
w¨ is connected. Let us say it is w˙. Recall that there is exactly one Eulerian
cycle AtCuCvAz in w (A = B and C = D, see Figure 6). Then AtCv is
the only Eulerian cycle in w˙ ∈ ∆ ⊂ Wm. This shows a bijection between
Θ(Wm−1) and Θ(Wm) and Θ(∆).
Let p¯ = p1p2 . . . p4m be the only Eulerian cycle in w ∈ ∆, where pi are
edges of w. Without loss of generality suppose that p1 ∈ Π(a) for some
a ∈ U(N) (it means that p1 is a blue edge in Nˆ). It follows that all pi with i
odd are blue edges in Nˆ all pi with i even are edges from N (they are black
edges in Nˆ); in consequence the path p = p2p4 . . . p4m is an Eulerian cycle
in N . A turning the Eulerian cycle in w into the Eulerian cycle p in N is
schematically depicted on Figure 8. Thus we have a bijection between Θ(N)
and Θ(∆). This ends the proof.
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Figure 7: Constructing the set ∆ from Nˆ
9
pp
p p
Figure 8: Converting a an Eulerian cycle from ∆ into an Eulerian cycle in N
Corollary 2.2 Let N be a T-net of order m. Then |N | ≤ 2m−1 Eulerian
cycles.
Proof The set Wm−1 contains 2m−1 graphs and recall that every connected
graph w ∈ Wm−1 has exactly one Eulerian cycle. The result follows then
from |Wm−1| = |Wm| and ∆ ⊆ Wm.
3 Bijection of binary sequences and de Bruijn
sequences
Given i ∈ {1, 2, . . . ,m}, in the previous section we agreed the edges from
Π(φ(i)) are denoted by t, u, v, z, in such a way that t and v are not incident
edges (and consequently that u and z are not incident as well). For this
section we need that these edges are ordered, hence let us suppose that it
holds t < u < v < z. This will allow us to identify ”uniquely” the edges.
Let us look again on the Figure 5. We can identify the path A as the
path between incident nodes of the edge z that do not contain edges t, u, v.
In a similar way we can identify B,C,D.
On the Figure 6 we can not distinguish A from B and C from D only
by edges t, u, v, z. If A 6= B, then let δ be the first node where A and B
differ. The node δ has two outgoing blue edges, let us say they are t, z. We
use this difference to distinguish A and B. Let us define A to be the path
that follows the edge t from δ and B the path that follows the edge z from δ.
Again in a similarly way we can distinguish C from D. Hence let us suppose
we have an ”algorithm” that splits an Eulerian cycle p ∈ Θ(Wi) into the
paths A,B,C,D and edges t, u, v, z ∈ Π(φ(i)) for given N, i (recall that the
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nodes of N are ordered and thus i determines the node φ(i) ∈ U(N)). We
introduce the function ωN,i : (p, α)→ Θ(Wi−1), where
• N is a T-net of order m
• i ∈ {1, . . . ,m− 1}
• p ∈ Θ(Wi)
• α ∈ {0, 1}
Remark Less formally said, the function ω transform an Eulerian cycle
p ∈ Θ(Wi) into an Eulerian cycle p¯ ∈ Θ(Wi−1) for given N, i, α.
Given N and i, we define for the case I (Figure 5):
ωN,i(AzDuCuBz, 0) = AtBzDuCv
ωN,i(AzDuCuBz, 1) = AtCuBzDv
ωN,i(AtBtCvDv, 0) = AtCvDuBz
ωN,i(AtBtCvDv, 1) = AzDuBtCv
For the case II (Figure 6), where A 6= B and C 6= D:
ωN,i(AtCvBtDv, 0) = AtCuDvBz
ωN,i(AtCvBtDv, 1) = AzBtCuDv
ωN,i(AtDvBtCv, 0) = AtDuCvBz
ωN,i(AtDvBtCv, 1) = AzBtDuCv
For the case II where A = B and C 6= D:
ωN,i(AtCvAtDv, 0) = AtCuDvAz
ωN,i(AtCvAtDv, 1) = AtDuCvAz
For the case II where A 6= B and C = D:
ωN,i(AtCvBtCv, 0) = AtCuCvBz
ωN,i(AtCvBtCv, 1) = AzBtCuCv
Now, when we fixed an order on edges at the beginning of this section, it is
necessary to distinguish another possibility in the case II, namely the paths
A,B can be paths between incident nodes of the edge t that do not contain
edges u, v, z and C,D can be paths between incident nodes of the edge v that
do not contain edges t, u, z. Obviously, in this case it is possible to define ω
in a similar way. To save some space we do not present an explicit definition.
Remark The previous definition of ωN,i(p, α) can be modified with regard
to the reader’s needs, including the way of recognition of paths A,B,C,D.
It matters only that ωN,i is injective. Our definition is just one possible way.
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Remark To understand correctly the definition of ω, recall that when com-
paring two Eulerian cycles, it does not matter which edge is written as the
first one. For example the paths AtCuDvAz and AzAtCuDv are an identical
Eulerian cycle.
Let S(n) denote the set of all binary sequences of length n.
Proposition 3.1 Let N be a T-net of order m, s = s1s2 . . . sm−1 ∈ S(m−1)
be a binary sequence, and p ∈ Θ(N). We define p = pm−1 and pi−1 =
ωN,i(p
i, si), where i ∈ {1, 2, . . . ,m−1}. Then the map ν : Θ(N)×S(m−1)→
Θ(N∗) defined as ν(p, s) = p0 is a bijection.
Proof Recall that there is a bijection between Θ(N) and Θ(Wm−1), see
Proposition 2.3; hence we can suppose that p ∈ Wm−1.
The definition of the function ω implies that ωN,i(p, α) = ωN,i(p¯, α¯) if and
only if p = p¯ and α = α¯. It follows that ν is injective. In addition we proved
that |N | = |Wm−1| and that 2m−1|N | = |Nˆ | = |W0|. In consequence ν is
surjective and thus bijective.
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